
1.  Introduction
The dissolution of porous and fractured media is a complex process where the nonlinear coupling of flow, trans-
port, reaction, and pore geometry evolution leads to the formation of a variety of shapes and patterns (Jamtveit 
& Hammer, 2012; Steefel & Maher, 2009). Depending on the flow conditions and pore space geometry, three 
different dissolution regimes emerge (Fredd & Fogler, 1998; Golfier et al., 2002; Ladd & Szymczak, 2021). If 
the reactant penetration length is much shorter than the system length, the dissolution is limited to the surface 
of the rock (face dissolution regime). In the other extreme, at high flow rates, when the penetration length is 
much longer than the system length, the sample dissolves uniformly, without any significant porosity gradients 
developing along the flow direction. Finally, for intermediate flow rates, the flow self-organizes in the dissolution 
channels (wormholes), which form a fractal network throughout the sample (Chadam et al., 1986; Daccord, 1987; 
Hoefner & Fogler, 1988; Menke et al., 2017; Szymczak & Ladd, 2009).

The flow-focusing instability has been known for a long time in the petroleum industry (Rowan, 1959), where 
it was used to increase the effectiveness of carbonate reservoir stimulation techniques. In that context, it has 
also been studied experimentally (Fredd & Fogler,  1998; Hoefner & Fogler,  1988) and numerically (Cohen 
et al., 2008; Maheshwari & Balakotaiah, 2013; Panga et al., 2005). In the physics community, the interest in these 
systems has been sparked by classical papers of Daccord and Lenormand, which analyzed the patterns formed 
in a dissolving plaster and related them to other pattern-forming systems, such as diffusion-limited aggregation 
(Daccord, 1987; Daccord & Lenormand, 1987). Recent years have seen a growing number of experimental stud-
ies of dissolution-induced morphology evolution (Luquot et al., 2014; Noiriel et al., 2013; Polak et al., 2004), 
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many of them in the context of CO2 sequestration (Carroll et al., 2013; Deng et al., 2013; J. Elkhoury et al., 2015; 
J. E. Elkhoury et al., 2013; Ellis et al., 2011; Hao et al., 2013; Luquot & Gouze, 2009). Since many of the poten-
tial reservoirs for CO2 storage are in carbonate strata, it is crucial to understand how the flow of CO2-acidified 
brine impacts the long-term changes in porosity and permeability of the reservoirs and how it affects the caprock 
properties.

In karst studies, the understanding of the profound role that flow-focusing plays in the pattern development came 
with the pioneering work of Ewers (1982), who analyzed a number of analog models of karst formation, made of 
plaster of Paris. This study has provided a number of important insights into the process of cave formation, and 
the role of flow focusing in this process. Further insight into flow-focusing effects has been provided by numeri-
cal modeling of the early stages of karst development (Chaudhuri et al., 2013; Cheung & Rajaram, 2002; Groves 
& Howard, 1994; Hanna & Rajaram, 1998; Szymczak & Ladd, 2011; Worthington & Ford, 2009).

Macroscopic rock dissolution pattern is the result of pore-scale reactive transport. The complex interplay between 
reactant transport via advection and diffusion in the pore bodies and chemical reaction at the rock surfaces governs 
the dissolution at the pore scale. However, the magnitude of the flow and the concentration profile in the sample 
are global in nature, and sensitive to the presence of preferential flow paths or large-scale inhomogeneities. These 
micro- to macro-scale couplings may be significantly enhanced by the dissolution, particularly in the unstable 
regime, where existing flow paths are amplified and new ones appear (Menke et al., 2016; Upadhyay et al., 2015).

Understanding the effects of pore-scale phenomena on larger-scale processes has been of great interest for upscal-
ing subsurface processes (Battiato & Tartakovsky, 2011; Hu et al., 2021; Kang et al., 2019). Recent studies indeed 
showed that macroscopic reactive transport can be governed by pore-scale properties such as pore network struc-
ture and pore-scale mineral distribution (Li et al., 2007; Roded et al., 2021). Also, pore-scale transport processes 
such as mixing are shown to greatly affect effective surface reaction rates (Deng et al., 2018; W. Lee et al., 2023; 
Li et al., 2006; Liu et al., 2022).

Mixing is a key pore-scale process in reactive flows because it controls the transport of reactive solutes to and 
from the surfaces of the pores, and mixing-induced reactions (Dentz et al., 2011). In particular, mixing at pore 
junctions and fracture intersections has been of research interest because the intersections are where fluids with 
different properties can vigorously mix and react (Berkowitz et al., 1994; Stockman et al., 2001; Zou et al., 2017). 
For example, recent studies highlighted that fracture intersections can be potential biogeochemical reaction hot 
spots (Bochet et al., 2020; S. H. Lee & Kang, 2020). Further, previous studies have shown that the mixing extent 
at pore intersections can govern larger-scale solute spreading (Kang et  al.,  2015; Park et  al.,  2001; Sherman 
et al., 2019). This implies that the dissolution patterns could also be governed by mixing at intersections, and 
recent studies showed that a wide range of mixing conditions can occur at intersections (S. H. Lee & Kang, 2020; 
Zou et al., 2017). However, most network-scale dissolution models (if not all) have been assuming well-mixed 
conditions at intersections. This is mainly because currently there is no universal, coarse-grained mixing rule 
that quantifies the amount of mixing at intersections. Pore-scale simulations have to be conducted to accurately 
estimate the mixing extent at intersections because the mixing at intersections depends not only on local Péclet 
number but also on detailed intersection geometry and incoming fluxes (Zou et al., 2017). Thus, the effects of 
solute mixing at pore intersections on large-scale dissolution patterns have been unclear.

Here, we study the effects of the mixing of reactive solutes at pore junctions on large-scale dissolution patterns 
and solute transport. For this purpose, we implemented two mixing rules at pore junctions into the pore network 
model of a dissolving porous medium. Full mixing assumes that the solute transport at pore junctions is 
diffusion-dominated such that reactive solutes become well mixed. On the other hand, streamline routing assumes 
that the system is advection-dominated such that reactive solutes follow streamlines and do not transition between 
streamlines at pore junctions. This leads to partial mixing or no mixing of incoming concentration at junctions. We 
found that the interplay between network conductivity heterogeneity and mixing strongly affects the macroscopic 
dissolution patterns and resulting tracer (passive solute) transport, and we elucidated the underlying mechanisms.

2.  Pore Network Model
To investigate the coupling between the pore-scale mixing processes and macroscopic dissolution patterns, we 
use the capillary pore network model of a dissolving porous medium. Network models introduce a simplified 
representation of a porous material, either as a network of interconnected capillaries (Budek & Szymczak, 2012; 
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Hoefner & Fogler, 1988; Roded et al., 2020, 2021) or as spherical pore bodies connected by cylindrical throats 
(Blunt et al., 2013; De Boever et al., 2012; Nogues et al., 2013; Raoof et al., 2012; Tansey & Balhoff, 2016; Xiong 
et al., 2016), offering a compromise between the computational accuracy characterizing the pore-scale models 
and the ability to tackle large-scale problems, which are the advantages of Darcy-scale methods. Pore-network 
models allow for control of the pore architecture (diameters, lengths, connectivity), tuning it to represent different 
rocks. In dissolution problems, pore network models are able to correctly reproduce the competition between the 
individual pores for the reactant flux, which leads to a successful representation of the variety of spontaneously 
formed dissolution patterns such as wormholes (Ameri et al., 2017; Budek & Szymczak, 2012), including their 
structure and advancement rate, permeability evolution, and the non-monotonic relationship between injection 
rate and fluid volume required for breakthrough (Budek & Szymczak, 2012; Fredd & Fogler, 1998; Hoefner & 
Fogler, 1988). They were also successfully used to analyze the link between pore-scale features and large-scale 
morphologies (Roded et al., 2020, 2021).

In this study, we represent a porous rock as a network of cylindrical capillaries (of initially heterogeneous sizes) 
that are broadened by the dissolution (Budek & Szymczak, 2012; Hoefner & Fogler, 1988; Roded et al., 2021). 
The nodes of the network (pore junctions) are assumed to be volumeless such that all the reaction takes place in 
the capillaries (pores) only. The nodes are placed on a regular lattice with the link length of constant l0, as shown 
in Figure 1. Such geometry with four branch intersections is particularly well suited to study the mixing effects 
(Hull & Koslow, 1986; Kang et al., 2011, 2017). In the limiting case of short residence times at the intersection 
and uniform pore diameters, the two incoming tracer streams will remain unmixed in this geometry. Heterogene-
ity in the network is introduced by assigning an initial diameter to each tube according to log-normal distribution 
with mean d0 and standard deviation σ. The log-normal distribution is used here based on its ubiquity in many 
natural systems (Sanchez-Vila et al., 2006), and a wide range of σ is considered to study the effects of initial 
network heterogeneity.

The reactive fluid is injected into the system through the set of Ny inlet nodes (Figure 1) where the pressure pin(t) 
is imposed, and leaves the system through outlet nodes where the pressure is kept at zero, pout(t) = 0. The inlet 
pressure is adjusted in each time step to keep the total volumetric flow rate through the system, Q0, constant. The 
fluid is assumed to be incompressible and the flow in each pore is considered to be laminar and fully developed. 
For a pore (ij) joining nodes i and j, the flow rate (qij) is then given by the Hagen–Poiseuille equation

𝑞𝑞𝑖𝑖𝑖𝑖 = −
𝜋𝜋𝜋𝜋4

𝑖𝑖𝑖𝑖

128𝜇𝜇𝜇𝜇0
(𝑝𝑝𝑖𝑖 − 𝑝𝑝𝑗𝑗)� (1)

where dij is the diameter of the pore ij and l0 is the length of a pore, uniform throughout the network. Next, μ is 
the dynamic viscosity of the fluid, and pi is the pressure at node i. The hydraulic conductance of a capillary tube 

Figure 1.  (a) A schematic representation of a network with rhombic lattice and linear inlet and outlet. (b) Full mixing: Junction i is fed by two solute fluxes with 
concentrations 𝐴𝐴 𝐴𝐴out

1𝑖𝑖
 and 𝐴𝐴 𝐴𝐴out

2𝑖𝑖
 from pore outlets 1 and 2 respectively. After full mixing, a final concentration c in flows into pores 3 and 4. The color indicates different 

concentrations. (c) Streamline routing: Concentration fluxes follow the streamlines. The concentrations entering pores 3 and 4 from node i are 𝐴𝐴 𝐴𝐴in

𝑖𝑖3
and 𝑐𝑐in

𝑖𝑖4
 respectively.
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that relates volumetric flux (q) and pressure drop can be defined as 𝐴𝐴
𝜋𝜋𝜋𝜋4

𝑖𝑖𝑖𝑖

128𝜇𝜇𝜇𝜇0
 , and the initial network heterogeneity is 

quantified by computing the log-variance of hydraulic conductance, σ 2. At each node, we also have a continuity 
condition

∑

𝑗𝑗

𝑞𝑞𝑖𝑖𝑖𝑖 = 0� (2)

where the sum is over all the nodes connected by a pore with node j. The resulting system of sparse linear equa-
tions can then be solved for pressure values at the nodes.

We now introduce reactant into this system through the inlet face, by imposing the constant concentration condi-
tion c = cin there. The reactant is consumed in the pores, with the rate which is assumed to be linear in c

𝑅𝑅 =
𝑘𝑘

1 +
𝑘𝑘𝑘𝑘𝑖𝑖𝑖𝑖

𝐷𝐷Sh

𝑐𝑐 ≡ 𝑘𝑘eff(𝑑𝑑𝑖𝑖𝑖𝑖)𝑐𝑐� (3)

here k is the surface reaction rate, D is the diffusion coefficient of the reactant and dij is the diameter of the pore 
connecting nodes i and j. Finally, Sh is the Sherwood number, which is the non-dimensional mass transfer coefficient 
(Bejan, 1984; Gupta & Balakotaiah, 2001), characterizing the intensity of the diffusive current to the reactive wall. 
The parameter 𝐴𝐴 𝐴𝐴 =

𝑘𝑘𝑘𝑘𝑖𝑖𝑖𝑖

𝐷𝐷Sh
 in the denominator of Equation 3 accounts for the hindering effect of diffusion on the disso-

lution rate, particularly pronounced in wider pores. As a result, the pore surfaces tend to react with a slower effective 
rate, keff, which includes the transverse diffusion effect. For narrow pores or low reaction rates (g ≪ 1) dissolution is 
reaction-limited (keff ≈ k) and diffusion is fast enough to maintain the uniform concentration profile along the diame-
ter of the pore. When the pores are large or reaction rates are high then dissolution becomes transport limited (g ≫ 1), 
and the effective reaction rate is controlled by diffusion. The Sherwood number itself depends on kd/D, but the varia-
tion is relatively small (Gupta & Balakotaiah, 2001), bounded by two asymptotic limits; high reaction rates (transport 
limit) and low reaction rates (reaction limit). For our geometry (circular) these limits correspond to Sh = 4.861 and 
Sh = 5.385, respectively (Ebadian & Dong, 1998). In this study, we approximate Sh by a constant value Sh = 5.

The reaction at the pore surface will lead to the decay of the concentration along the pore according to

𝑞𝑞𝑖𝑖𝑖𝑖
𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= −𝜋𝜋𝜋𝜋𝑖𝑖𝑖𝑖𝑘𝑘eff𝑐𝑐� (4)

where qij is the volumetric flow rate in pore ij and the diffusion along the axial coordinate (x) was neglected. 
Equation 4 can be solved analytically in a pore with a uniform diameter yielding

𝑐𝑐(𝑥𝑥) = 𝑐𝑐in

𝑖𝑖𝑖𝑖 𝑒𝑒
−
𝜋𝜋𝜋𝜋𝑖𝑖𝑖𝑖 𝑘𝑘eff

𝑞𝑞𝑖𝑖𝑖𝑖
𝑥𝑥� (5)

where 𝐴𝐴 𝐴𝐴in

𝑖𝑖𝑖𝑖
 is the concentration at the inlet of pore ij. In particular, the concentration at the end of the pore ij will 

be equal to

𝑐𝑐out

𝑖𝑖𝑖𝑖 = 𝑐𝑐in

𝑖𝑖𝑖𝑖 𝑒𝑒
−
𝜋𝜋𝜋𝜋𝑖𝑖𝑖𝑖 𝑘𝑘eff

𝑞𝑞𝑖𝑖𝑖𝑖
𝑙𝑙0� (6)

The equations analogous to (5) can be written for each pore in the sample. However, in order to calculate the 
concentration values at all of the nodes in the network, these relations need to be supplemented with the mixing 
rules at the intersections. Traditionally, a full mixing assumption is adopted, which assumes that the concentration 
in the node is just the flow-weighted average of incoming concentrations. To be more precise, for a node i, with 
incoming concentrations 𝐴𝐴 𝐴𝐴out

𝑗𝑗𝑗𝑗
 from pore outlets (j), the final outgoing concentration 𝐴𝐴 𝐴𝐴in

𝑖𝑖𝑖𝑖
 to the pore inlets (k) is:

𝑐𝑐in

𝑖𝑖𝑖𝑖
=

(

∑

𝑗𝑗

𝑞𝑞𝑗𝑗𝑗𝑗𝑐𝑐
out

𝑗𝑗𝑗𝑗

)

∕

(

∑

𝑗𝑗

𝑞𝑞𝑗𝑗𝑗𝑗

)

� (7)

where the sum is taken over the pores (ji) connected to node i which are bringing the flow in and ik is one of the 
outgoing pores. Equations 6 and 7 form again a sparse linear system, which can be solved for the concentration 
values at the nodes.

The final element of the model is the erosion equation, which governs the evolution of the pore diameters
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𝜕𝜕𝑡𝑡(𝑑𝑑𝑖𝑖𝑖𝑖∕2) =
𝑘𝑘eff

𝜈𝜈𝜈𝜈sol

𝑐𝑐𝑐� (8)

where csol is the molar concentration of soluble material and ν accounts for the stoichiometry of the reaction. The 
total volume of a mineral dissolved from the walls of a pore of diameter d over time Δt is then

Δ𝑉𝑉 =
𝜋𝜋𝜋𝜋𝜋𝜋effΔ𝑡𝑡

𝜈𝜈𝜈𝜈sol ∫

𝑙𝑙

0

𝑐𝑐(𝑧𝑧)𝑑𝑑𝑑𝑑 = Δ𝑡𝑡𝑡𝑡
𝑐𝑐0

𝑐𝑐sol𝜈𝜈

(

1 − 𝑒𝑒−𝜋𝜋𝜋𝜋𝜋𝜋eff𝑙𝑙∕𝑞𝑞
)

.� (9)

In order to keep the model tractable, we assume that the pores are broadening uniformly along their length (Fredd 
& Fogler, 1998; Hoefner & Fogler, 1988). Thus, the above volume change corresponds to the enlargement of the 
pore diameter by

Δ𝑑𝑑 =
Δ𝑉𝑉

𝜋𝜋𝜋𝜋𝜋𝜋
=

2Δ𝑡𝑡𝑡𝑡

𝜋𝜋𝜋𝜋𝜋𝜋

𝑐𝑐0

𝑐𝑐sol𝜈𝜈

(

1 − 𝑒𝑒−𝜋𝜋𝜋𝜋𝜋𝜋eff𝑙𝑙∕𝑞𝑞
)

.� (10)

The details of the implementation together with explicit formulas for the pore growth can be found in Budek and 
Szymczak (2012).

2.1.  Dimensionless Numbers

As mentioned above, the ratio 𝐴𝐴 𝐴𝐴 =
𝑘𝑘𝑘𝑘𝑖𝑖𝑖𝑖

𝐷𝐷Sh
 describes the relative magnitude of reaction and transverse diffusion 

across the pore. The characteristic value of this parameter

𝐺𝐺 =
𝑘𝑘𝑘𝑘0

𝐷𝐷Sh
� (11)

is thus a dimensionless number characterizing the hindering effect of the diffusive transport on the dissolution 
rate throughout the sample.

Another important parameter is an effective Damköhler number, which is defined by the combination of param-
eters in the exponent of Equation 6

Daeff =
𝜋𝜋𝜋𝜋0𝑘𝑘eff𝑙𝑙0

𝑞𝑞0
=

𝜋𝜋𝜋𝜋0𝑘𝑘𝑘𝑘0

𝑞𝑞0(1 + 𝐺𝐺)
� (12)

where q0 is a characteristic initial volumetric flux in a pore, q0 = Q0/2Ny. Note that Péclet number can be expressed 
through Daeff and G, and Daeff has been shown to exert a strong control over dissolution patterns compared to G 
(Budek & Szymczak, 2012).

The effective Damköhler number characterizes the penetration length of the reactant in the sample

𝑙𝑙𝑝𝑝 =
𝑙𝑙0

Daeff

� (13)

Finally, we define the dimensionless time 𝐴𝐴 𝑡𝑡  which is given by

𝑡𝑡 =
2𝑘𝑘𝑘𝑘𝑘𝑘

𝑑𝑑0

,� (14)

where γ = c0/νcsol is the acid capacity number which is defined as the number of molecules per unit volume of a 
mineral to the number of molecules of reactant per unit volume of incoming fully saturated fluid.

2.2.  Incomplete Mixing

Full mixing at the intersections, as described by Equation 7 can be physically realized if the residence times of the 
solute at the intersections are sufficiently large. For shorter residence times (corresponding to higher flow rates), 
the mixing is incomplete, with a considerable portion of reactant following the streamlines. In the limit of zero 
residence this results in streamline routing. Equation 7 is then replaced by:

𝑐𝑐in

𝑖𝑖𝑖𝑖
=

(

∑

𝑗𝑗

𝛼𝛼𝑗𝑗𝑗𝑗𝑞𝑞𝑗𝑗𝑗𝑗𝑐𝑐
out

𝑗𝑗𝑗𝑗

)

∕

(

∑

𝑗𝑗

𝛼𝛼𝑗𝑗𝑗𝑗𝑞𝑞𝑗𝑗𝑗𝑗

)

� (15)
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where αjk is the fraction of flow from the pore ji that makes it to the pore ik. Note that if αjk is a constant (inde-
pendent of j and k) then streamline routing reduces to the full mixing rules. Figures 1b and 1c illustrate the full 
mixing and streamline routing in the diamond lattice where the incoming concentration 𝐴𝐴 𝐴𝐴out

1𝑖𝑖
 from pore 1 is shown 

in blue and 𝐴𝐴 𝐴𝐴out

2𝑖𝑖
 from pore 2 is marked in red. Pore 2 is assumed to have a higher volumetric flow rate than pore 4, 

(q2i > qi4). In the case of complete mixing, the resulting outgoing concentration (c in) is forwarded to pores 3 and 
4 (violet). In the streamline routing case (Figure 1b) pore 3 will get both the reactant flux from pore 1 as well as 
part of the flux from pore 2 while the remaining flux is forwarded to pore 4. The reactant transfer probabilities 
are then α13 = 1, α14 = 0, α23 = (q2i − qi4)/q2i, and α24 = qi4/q2i. The outgoing concentrations are then given by

𝑐𝑐in

𝑖𝑖3
=

𝑞𝑞1𝑖𝑖𝑐𝑐
out

1𝑖𝑖
+ (𝑞𝑞2𝑖𝑖 − 𝑞𝑞𝑖𝑖4)𝑐𝑐

out

2𝑖𝑖

𝑞𝑞𝑖𝑖3
� (16)

𝑐𝑐in

𝑖𝑖4
= 𝑐𝑐out

2𝑖𝑖� (17)

The transfer probabilities for qi4 > q2i (or, equivalently, qi3 < q1i) can be obtained by an appropriate permutation 
of indices in the above expression (Kang et al., 2015; Park et al., 2001). Finally, in the case when there is just one 
inlet pore distributing the fluid to three outlet pores or three inlet pores with one outlet, the streamline routing 
gives identical results to full mixing, thus Equation 7 can then be used.

The choice of mixing protocol in a given physical situation depends on the local Péclet number characterizing the 
flow through the intersection, Peint. This number is equal to the ratio of the advective travel time through the inter-
section, dint/v, to the respective diffusive time, 𝐴𝐴 𝐴𝐴2

int
∕𝐷𝐷 , with dint—a characteristic size of an intersection. The inter-

section Péclet number is then Peint = dintv/D, with Peint > 1 leading to streamline routing, and Peint ≪ 1 defining 
the range over which full mixing assumption should work well. In natural and laboratory systems, one encounters 
a large range of Peint. Taking as an example the acidization of Indiana limestone (Hoefner & Fogler, 1988), where 
v is in the range 0.05 − 5 cm/s, D = 3.6 × 10 −5 cm 2/s (Fredd & Fogler, 1998) and dint ≈ 5 μm (Freire-Gormaly 
et al., 2016), we get Peint in the range 0.5 − 50, depending on the flow rate used. On the other hand, groundwater 
flows in natural rocks are much lower, usually in the range 10 −8–10 −5 cm s −1 (Lake et al., 2002), which leads 
to Peint ≪ 1. A substantially different situation is encountered for the dissolution of rock fractures or bedding 
planes. Such systems can be simulated using the present model, with the 2D network of channels then represent-
ing the flow paths in the fracture plane, around the asperities. Fracture apertures are between 0.005 and 0.1 cm 
(Dreybrodt, 1996; Motyka & Wilk, 1984; Paillet et al., 1987), and hydraulic gradients are of the order of 10 −3 
to 10 −1 (Dijk & Berkowitz, 1998; Palmer, 1991). This gives a range of characteristic flow velocities in undis-
solved fractures from 10 −4 to 1 cm/s. The corresponding intersection Péclet numbers are then 0.05 < Peint < 10 4, 
taking the fracture aperture as the characteristic intersection size and assuming the solute diffusion coefficient 
of D = 10 −5 cm 2 s −1. The above shows that a wide range of Péclet numbers can be encountered when dissolving 
fractured and porous rocks, which implies that both mixing rules can commonly occur in nature.

3.  Results and Discussion
To investigate the effects of mixing at the pore intersections on the macro-scale dissolution patterns, we have 
carried out a large number of dissolution simulations on the 200 × 200 lattice implementing both the full mixing 
rule (7) as well as the streamline routing protocol (15). The simulations were performed over a large range of 
effective Damköhler number, 0.01 < Daeff < 1.0. Outside of this range, the dissolution is either uniform (small 
Daeff) due to a large penetration length or results in face dissolution due to a very short penetration length (large 
Daeff) (Budek & Szymczak, 2012). The simulations were performed with a fixed value of G parameter, G = 1, 
which implies a mixed transport/reaction control on the dissolution rate, characteristic of acidization experi-
ments. For example, dissolution of Indiana limestone by hydrochloric acid with surface reaction rate k = 0.2 cm/s 
results in G ≈ 0.7. The impact of G on the pattern is known to be much weaker than that of Daeff (Budek & 
Szymczak, 2012), mostly affecting the diameters of the dissolving pores around the inlet, which decrease with 
increasing G. A wide range of σ 2 (log-variance of initial conductance distribution) is also considered to investi-
gate the effects of initial network heterogeneity.

Figure 2 shows the simulated dissolution patterns for different Daeff and initial pore heterogeneities character-
ized by σ 2. Simulations were stopped when at least one pore along the line x = Lx/2 increases its diameter by a 
factor of five, which we define as half breakthrough time. Note that Lx is the domain size in the flow direction, x.  
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We observe that in the uniform dissolution regime with a small effective Damköhler number (Daeff  ≤  0.02) 
both types  of mixing produce similarly shaped patterns as the reactant invades the whole network due to a 
large penetration length (lp). Coming back to Figures 1b and 1c, note that if both incoming pores at a given 
intersection have  the same incoming concentration 𝐴𝐴

(

𝑐𝑐out

1𝑖𝑖
≈ 𝑐𝑐out

2𝑖𝑖

)

 then the outgoing concentrations are also the 
same 𝐴𝐴

(

𝑐𝑐in

𝑖𝑖3
= 𝑐𝑐in

𝑖𝑖4
= 𝑐𝑐out

1𝑖𝑖

)

 , independently of the mixing mechanism. This results in an even distribution of reactant 
throughout the pores, irrespective of their hydraulic resistance. However, as Daeff increases, the penetration length 
lp becomes shorter, and dissolution becomes more localized. The reactant is consumed faster locally by compet-
ing flow paths which results in the faster growth of the winning ones which further focuses more flow in just a 
handful of dissolution channels. In this Daeff regime (0.05 < Daeff < 0.1), streamline routing produces thinner 
channels in comparison to full mixing.

To understand this effect, let us first comment on the impact of mixing protocol on the value of transverse disper-
sion in the network. For a homogeneous diamond network, the streamline routing transfer probabilities αjk at the 
intersection (Figure 1c) reduce to α13 = 1, α14 = 0, α23 = 0 and α24 = 1. This results in the transfer of concentra-
tions in a mean flow direction (from pore 1 to pore 3 and from pore 2 to pore 4) without any transverse dispersion. 
On the contrary, in the case of full mixing, the concentration is distributed uniformly in the outgoing pores with 
αjk = 1/2 regardless of the flow. This gives rise to the appearance of a Saffman-type dispersion (Saffman, 1959), 
with the tracer spreading in the transverse direction. For a fully homogeneous system, the transverse dispersion 

Figure 2.  Dissolution patterns for different mixing rules as a function of effective Damköhler number (Daeff) and initial heterogeneity of the network. Initial 
pore diameters are distributed log-normally, and σ 2 is the log-variance of initial hydraulic conductance values. The colors represent the growth of pore diameters 
(dij(t) − dij(0)). To better visualize the dissolution patterns, we increased the widths of the lines with which we plot individual pores to three times the diameter of each 
pore (3dij). The successive shadings indicate large chemical erosion (dark red), intermediate erosion (yellow and green), low erosion (blue), and no erosion (white).
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coefficient for full mixing can be calculated to be 𝐴𝐴 𝐴𝐴fm

T
= 1∕4𝑢𝑢𝑢𝑢0 , where u is the average flow rate in the pore. A 

similar calculation for streamline routing yields 𝐴𝐴 𝐴𝐴sr

T
= 0 , which reflects the fact that the concentration is simply 

transmitted from pore to pore, without spreading. Naturally, for a heterogeneous network 𝐴𝐴 𝐴𝐴sr

T
 will have a finite 

value, but the magnitude of 𝐴𝐴 𝐴𝐴sr

T
 is still expected to be considerably smaller than the corresponding value of 𝐴𝐴 𝐴𝐴fm

T
 . 

The next observation is that, as argued in Steefel and Lasaga  (1990) the width of the dissolution channel is 
proportional to 𝐴𝐴

√

𝐷𝐷T , hence the channels should be wider in the case of full mixing, which is indeed observed. 
However, as system heterogeneity increases, many of the transfer coefficients αjk become nonzero, and there 
is an appreciable redistribution of the reactant between the outgoing pores for both mixing protocols (Kang 
et al., 2015). Thus, we expect that the differences in channel width produced by different mixing rules decrease 
with increasing heterogeneity.

At moderate and large Damköhler numbers, Daeff ≥ 0.5, the penetration length lp becomes comparable with the 
pore length, and the strong competition for the reactant appears at the level of individual pores. The pores getting 
larger flow consume more reactant and grow at a faster rate. In heterogeneous systems (e.g., σ 2 = 11), this results 
in the formation of highly branched fractal-shaped dissolution patterns with a width comparable to that of a 
single pore. In this regime of system growth, the effect of mixing rules is rather weak. This can be rationalized 
by considering the intersection at which the tip of the wormhole has arrived (Figure 3). One of the pores (corre-
sponding to the wormhole path) now has a much larger flow rate than the other. In such a case, both mixing rules 
will give effectively the same result, providing the two outlet pores with a very similar concentration as in the 
leading inlet pore.

For smaller heterogeneities (σ 2 = 0.002) but the same range of relatively large Damköhler numbers, Daeff ≥ 0.5, 
we observe the appearance of regular, Y-shaped patterns. These patterns consist of two dominant branches grow-
ing along the lattice directions, angled at ±45° with respect to the flow. For the system with full mixing, it can 
be shown (Budek & Szymczak, 2012) that once such a configuration is formed, it will continue to propagate 
since the reactant flux in the pores parallel to the arms will always be larger than that in differently oriented 
pores around the channel tip. However, with streamline routing, the transition to Y-shaped patterns takes place 
later, at larger Daeff, because streamline routing more strongly focuses reactants in the flow direction. Such 
focusing effect increases as the network heterogeneity decreases. This is evidenced, for example, by the pattern 
observed at σ 2 = 0.002 and Daeff = 0.5, which shows straight fingers with characteristic splittings near the tips, 
where the side-branches angled at ±45° appear and grow for a short time, eventually dying off. At an even higher 
Damkohler number, Daeff = 1.0, the two patterns (straight and angled) coexist, with small straight fingers forming 
first near the inlet, only to give way to Y-shaped channels, which emerge from their side-branches. This is because 

Figure 3.  Two different scenarios in which streamline routing behaves similarly to full mixing (a) Large penetration 
length (lp) where concentrations (violet color) from both pore outlets 1 and 2 are the same (𝐴𝐴 𝐴𝐴out

1𝑖𝑖
  = 𝐴𝐴 𝐴𝐴out

2𝑖𝑖
 ) and the resulting 

final concentration 𝐴𝐴
(

𝑐𝑐in

𝑖𝑖3
= 𝑐𝑐in

𝑖𝑖4
= 𝑐𝑐out

2𝑖𝑖

)

 enters in pore 3 and 4 (b) Small penetration length with pore 1 having larger flow rate 
(𝐴𝐴 𝐴𝐴1𝑖𝑖 ≫ 𝑞𝑞2𝑖𝑖 ). The respective concentration 𝐴𝐴 𝐴𝐴out

1𝑖𝑖
 (blue color) dominates the junction and is forwarded to both pores 3 and 4.
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a very short penetration length diminishes the mixing effect by increasing the network heterogeneity near the 
dissolution front.

To quantitatively characterize the channel widths in the patterns shown in Figure  2, we introduce the total 
width of the pattern, defined as a sum of the diameters of pores along the mid-line (x = Lx/2) of the network, 

𝐴𝐴 𝐴𝐴 =
∑

𝑖𝑖

𝑑𝑑𝑖𝑖 , where di are the diameters of the pores intersecting the mid-line. Figure 4a shows the pattern width 

as a function of the effective Damköhler number for a range of different heterogeneities. As observed, both in 
the low and high Daeff regime, W values are insensitive to the mixing protocol. However, in the intermediate 
regime 10 −2 < Daeff < 1, streamline routing results in significantly thinner dissolution channels. The inset of 
Figure 4a shows the ratio of the widths between the two mixing protocols (W fm/W sr) for different initial hetero-
geneities (σ 2), clearly showing the mixing effect being maximized at the intermediate Da regime. These results 
also clearly depend on initial sample heterogeneity with a maximum effect of the mixing observed at the smallest 
heterogeneity.

We also investigate the effect of both mixing rules on the total volume of reactive fluid, Vb, that must be injected 
into the pores to obtain the breakthrough of the dissolution front. The breakthrough is defined as the moment 
when at least one of the outlet pores has broadened 5 times with respect to its initial diameter. Here, we use the 
term “breakthrough” in a chemical engineering sense, denoting the moment when the permeability of the system 
increases dramatically as the longest dissolution channel reaches the outlet. Note that this is different from how 
the term “breakthrough” is commonly used in hydrology, which denotes the moment when the tracer reaches the 
sampling point. The dependence of Vb on Daeff is particularly important for the optimization of the dissolution of 
carbonate reservoirs to increase the permeability with minimum expense of reactants (Cohen et al., 2008; Fredd 
& Fogler, 1998; Golfier et al., 2002; Kalia & Balakotaiah, 2007; Panga et al., 2005).

Figure 4b shows Vb(Daeff) dependence for both types of mixing rules for heterogeneity σ 2 = 11. The breakthrough 
volume Vb increases both for the low (Daeff < 10 −2) and high (Daeff > 1) Damköhler numbers, with similar values 
for both types of mixing rules. These regimes are known to be far from optimal with respect to the reactant 

Figure 4.  (a) The width of the pattern (W) versus effective Damköhler number Daeff for a network of 200 × 200 nodes with the transport parameter G = 1 and 
heterogeneity σ 2 = 11. The simulations were run with full mixing (red line) and streamline routing (blue dashed line). The points present averages over 10 realizations 
of the initial disorder in the network, along with the respective error bars. In the inset, the ratio of the total pattern widths with full mixing and streamline routing, 
(W fm/W sr), is plotted versus Daeff for different heterogeneities (σ 2 = 0.002, 0.16, 11). (b) Breakthrough volume (Vb) dependence on the Damköhler number for 200 × 200 
network with the transport parameter G = 1 and heterogeneity σ 2 = 11 for both full mixing (red line) and streamline routing (blue dashed line). The points represent 
averages over 10 simulations, along with the respective error bars. In the inset, the ratio of full mixing breakthrough volume to streamline routing volume 𝐴𝐴

(

𝑉𝑉 fm

𝑏𝑏
∕𝑉𝑉 sr

𝑏𝑏

)

 is 
shown for different heterogeneities.

 19448007, 2023, 21, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2023G

L
105183 by C

ochrane Poland, W
iley O

nline L
ibrary on [10/04/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



Geophysical Research Letters

SHARMA ET AL.

10.1029/2023GL105183

10 of 13

volume needed to open up the system. For small Daeff the dissolution is almost uniform throughout the network, 
hence a lot of reactant is needed to dissolve all the available pore surfaces. On the other extreme, for large Daeff, 
the dissolution concentrates at the inlet face of the sample, which results in exceedingly long dissolution times.

However, in the moderate Daeff number regime, strong competition for reactant among growing pores leads to 
the formation of dominant channels, which are very effective conduits for the reactant. In this regime, we found 
that streamline routing not only affects the shape of the channels but also minimizes the reactant volume needed 
for breakthrough. As shown in the inset of Figure 4b, this effect is the strongest for nearly homogeneous system 
(σ 2 = 0.002), where the breakthrough for the streamline routing can be as much as five times lower than that in 
the full mixing case. As the system heterogeneity increases, the effect of mixing protocol diminishes but even 
with the largest heterogeneity (σ 2 = 11) there can still be a factor of two difference between the breakthrough 
volumes (inset of Figure 4b).

We finally simulate passive solute (tracer) transport by particle tracking to highlight how the macroscopic 
dissolution patterns resulting from the two different mixing rules lead to distinctive transport behaviors. Tracer 
particles are advected with the mean flow velocity between nodes, and they follow either complete mixing or 
incomplete mixing rules at pore junctions. The details of the implementation of tracer transport can be found 
in Kang et al., 2015. We take flow fields at the end of each simulation, which is at the half breakthrough time, 
and run particle tracking simulations to obtain tracer breakthrough curves at the outlet. Figure 5a shows tracer 
breakthrough curves that are obtained by plotting the probability density of the individual particle arrival times 
at the outlet. Dissolution leads to much broader distributions compared to the initial distribution (black line), and 
the two mixing rules lead to distinctively different breakthrough curves (blue and red lines). Streamline routing 
leads to more focused flow, leading to earlier breakthroughs of tracers. On the other hand, full mixing has a 
stronger  tailing due to slower velocity zones as shown in the inset of Figure 5a. Figure 5b shows flux distribu-
tions, further confirming the faster flow zones in the streamline routing case and the slower flow zones in the full 
mixing case. It is noteworthy that the breakthrough curves were distinctively different even at the highest initial 
heterogeneity of σ 2 = 11 (not shown).

Figure 5.  (a) Tracer breakthrough curves before (black line) and after dissolution at half breakthrough time at Daeff = 0.1 and σ 2 = 0.16 for both full mixing (red 
line) and streamline routing (blue dashed line). The points represent averages over 10 simulations, along with the respective error bars. The inset shows the velocity 
magnitude along the y-direction (direction perpendicular to the flow direction) at x = 0.05Lx. (b) Probability density distributions of volumetric flux q before (black 
line) and after dissolution at half breakthrough time at Daeff = 0.1 and σ 2 = 0.16 for both full mixing (red line) and streamline routing (blue dashed line). The points 
present averages over 10 simulations, along with the respective error bars.
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4.  Conclusions
Dissolution of porous medium by an infiltrating reactive fluid is a prime example of a process where pore scales 
couple to the core- or even reservoir scales. This coupling is particularly pronounced in the unstable regime, 
which is characterized by the emergence of dissolution channels. This work shows that the shapes and propa-
gation velocities of these channels are sensitive to the details of the mixing process at pore intersections. When 
the reactant follows the streamlines, with not enough time to mix diffusively at the intersections, the flow focus-
ing at the tips of the channels is significantly enhanced and they propagate faster, thus decreasing the break-
through time. These effects are the strongest in the intermediate Damköhler number regime, where the reactive 
and advective timescales are similar. Both for larger and smaller Damköhler numbers, the effect of mixing on 
the dissolution patterns becomes weaker, but for different reasons. At small Daeff, the concentration of reactant 
becomes uniform throughout the sample and the mixing rules become irrelevant. At large Daeff, on the other hand, 
the wormhole tip focuses in itself a very large flow and reactant concentration, so the presence of other incoming 
pores no longer matters. This is because the increased network heterogeneity at the dissolution front, combined 
with the short penetration length, diminishes the mixing effect. Additionally, the coupling of mixing rules and 
the large-scale dissolution patterns led to distinctively different solute transport patterns as characterized by tracer 
breakthrough curves.

The general topic of pore-scale mixing effects on larger-scale reactive transport is of considerable interest due to 
its relevance not only in contaminant transport but also in karst formation (in particular mixing corrosion), acidi-
zation of carbonate reservoirs, and carbon mineralization. To the best of our knowledge, this is the first study that 
quantifies the potential importance of mixing extent at intersections on network-scale dissolution patterns and 
solute transport, which will contribute to improved predictability and uncertainty quantification in the reactive 
flow systems. Currently, pore-scale simulations have to be conducted to accurately estimate the mixing extent at 
intersections. The development of an effective (coarse-grained) mixing model that can quantify the mixing extent 
at intersections will require substantial follow-up studies which will be motivated by this study.

Data Availability Statement
All simulation data files are available in Sharma et al. (2023).
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