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Nodal integral method for convection-diffusion transport using
linear and higher order quadrilateral elements
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aDepartment of Mechanical Engineering, Thapar University, Patiala, Punjab, India; bDepartment of Energy
Science & Engineering, IIT Bombay, Mumbai, India; cDepartment of Mechanical Engineering, Thapar
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ABSTRACT
Generic nodal integral method (NIM) based scheme, utilizing nine noded
2D quadratic elements along with four noded 2D linear elements, is devel-
oped to solve the fluid flow and heat transfer equations in complex geo-
metries. Non-linear (quadratic) quadrilateral elements are used for
discretization of boundary region and linear quadrilateral elements are
used for interior region. Lagrange interpolation functions are used to map
both type of elements to corresponding square computational elements.
The scheme for Neumann and mixed type of boundary conditions are also
developed for quadratic elements. C1 type continuity condition is imposed
at the interfaces of adjacent elements. Numerical results are compared
with analytical solutions for diffusion and advection-diffusion equations.
Results for Navier–Stokes equations in curved domain are compared with
previously reported experimental as well as numerical results. The compara-
tive study has also been done between presently developed scheme using
quadratic and linear elements (referred as scheme-1) and scheme based on
complete discretization with linear elements (referred as scheme-2). The
comparison shows that both the schemes are of nearly second order accur-
ate while the scheme-1 is more accurate than scheme-2. The results show
that the efficient mapping of curved surface with quadratic elements
improves the accuracy of NIM schemes.
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1. Introduction

Solving the governing equations for fluid flow and heat transfer physics in complex geometries
are still a computationally expensive task. Well established numerical methods like finite volume
method (FVM) and finite difference method (FDM) still need very fine grids to resolve these
physics. Numerical solutions for fluid flow equations in complex geometries are usually obtained
by using more refined grids. Thus, a numerical method that can yield better results on a coarse
mesh, is desirable.

Nodal integral method (NIM) is one of the nodal methods based scheme [1–9], known for giv-
ing accurate numerical results over relatively coarser grids. NIM has established itself as an effi-
cient method to solve the governing equations numerically in regular Cartesian domains (formed
by the union of rectangular nodal cells) [3, 7, 9–13]. However, for complex domains, more refine-
ment of these rectangular cells at curved boundaries adversely affects the NIM philosophy of pro-
ducing quite accurate results using relatively coarse grids [14]. There are also certain limitations
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of applicability of this method in the irregular or complex domains due to local transverse inte-
gration procedure (TIP) involved in discretization process. TIP is a unique procedure applied in
NIM over a local discrete cell to generate cell analytical solution [6]. This procedure requires that
the local discrete cell should be fitted in the regular orthogonal coordinate system. These limita-
tions are eased to some extent by developing nodal methods for cylindrical geometries [3, 12, 15]
and hexagonal geometries [11].

However, the applicability of NIM in arbitrary-shaped geometries is still limited and only
applied to boundary-fitted coordinate geometries [13]. To overcome the above-mentioned limita-
tions, Toreja and Rizwan-Uddin [10] have proposed hybrid methods for fluid flow problems.
These hybrid methods, NI-FEM and NI-FAM, are developed by using finite element method
(FEM) and finite analytic method (FAM) respectively along with NIM. Although both the hybrid
methods are developed to relax the geometry restrictions of computational domains, they are still
limited to regular Cartesian grids. Recently this NI-FEM is extended to solve Convection-diffu-
sion equation in three dimensional domain [16]. In this approach the interior of the domain is
discretized with regular cuboid elements and curved boundaries are tackled by finite element
mesh. NIM methodology is applied for cuboid elements, while the tetrahedral elements are
tackled with FEM.

In another approach, Nezami et al. [17] have used arbitrary shaped linear quadrilateral ele-
ments for discretization of problem domains. These quadratilateral elements are transformed to
square elements using Iso-parametric transformation. NIM scheme using this bi-linear

Nomenclature

A, B coefficients in discretized coupling equa-
tions for transverse averaged variables in
Eqs. (26 and 27) respectively

C0, C1 set of zeroth and first order continuous
functions respectively

Ci, Di ith coefficients of Eq. (4)
f, g function of space
H matrix in Eq. (10)
J Jacobian matrix
k normal unit vector
K integration constant in Eqs. (22, 23)
M matrix in Eq. (9)
m direction cosines
N Shape function
P point in global space f̂;
Pe Peclet number
Q point in local space f
R real space
Re Reynolds number
�S pseudo-source terms
T temperature
�T transversed average temperature
u velocity component in x direction
v velocity component in y direction
x, y Cartesian coordinates
a thermal diffusivity of fluid
f̂ spatial domain in (x, y) coordinates
/ general representation of a field variable
h angle

n; g local coordinates defining the unit
square element

f spatial domain in ðn; gÞ coordinates
Subscripts
i indices in global x and local n directions
j indices in global y and local g directions
p point or corner value of field variable in

discretized domain
r radial component of velocity
x, y first order derivative with respect to x and

y respectively
xx, yy second order derivative with respect to x

and y respectively
xy cross derivative with respect to x and y
h angular component of velocity
n; g first order derivative with respect to n and

g respectively
ng cross derivative with respect to n and g
nn; gg second order derivative with respect to n

and g respectively
Superscripts
g g-averaged quantity
n n-averaged quantity
ng cell-averaged quantity
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transformation is further improved by Kumar et al. [8] by including the cross-derivative terms,
which were neglected in previous schemes. The scheme for Neumann and other type of boundary
conditions is also developed to increase the applicability of these schemes in various physical sit-
uations. However, NIM scheme developed by Nezami et al. [17] and Kumar et al. [8], using lin-
ear quadrilateral elements to map the arbitrary shaped domain still needs the more number of
linear elements at the curved surfaces.

In the current work, NIM scheme is developed using both linear and non-linear quadrilateral
elements. Quadratic quadrilateral elements (nine noded) are used to discretized the region of
curved boundaries and linear quadrilateral elements (four noded) are used for interior of the
domain. Bi-quadratic Lagrange interpolation is used to map the quadratic elements and Bi-linear
interpolation is used to map the linear elements into the corresponding local square elements.
This approach enhances the flexibility of NIM scheme for its application in complex domain.
Moreover, a novel scheme is also developed for implementation of boundary conditions on the
curved surfaces.

Developed scheme using the combination of linear and quadratic quadrilateral elements is
applied to solve diffusion, advection-diffusion and Navier–Stokes equations in curved domains.
For linear problems, numerical results are compared with analytical solutions and for non-linear
flow problems (N–S equations) results are compared with previously reported experimental as
well as fine grid numerical solutions [18]. The applicability of the NIM scheme for Dirichlet as
well as Neumann boundary conditions is also tested in these test cases. The comparative study
between the scheme, utilizing linear and quadratic elements with the scheme based on complete
linear discretization of problem domain has also been done in this article. This study reveals that
the accuracy of the scheme get enhanced without affecting the order of accuracy when quadratic
cells are used in discretization of boundary along with linear discretization of interior of domain.

2. Mathematical formulation

2.1. Transformation

The current methodology utilizes linear and quadratic quadrilateral elements to map the arbitrary
shaped domain. Each quadratic element has been bijectively mapped using bi-quadratic trans-
formation and each linear element is mapped using bi-linear Lagrangian transformation functions
to corresponding square element. For 2D quadratic quadrilateral element there exist three points
on each edge of quadratic cell as shown in Figure 1(a). The bijective iso-parametrically transform-
ation from global f̂ to local f domain f : R2 ! R

2 as follows:

P x; yð Þ ¼ f Q n; gð Þð Þwhere x; yð Þ ¼ g n; gð Þ (1)

where g is a function of (n; g). For any continuous function f, 9 a point Qðn; gÞ 2 f (local space)
for corresponding point Pðx; yÞ 2 f̂ (global space), where n; g 2 ½� 1; 1� and x; y 2 R. Two
dimensional interpolation function for quadratic element is given in Eq. (2).

Figure 1. (a) Transformation of 2D quadratic element to square cell (b) Value of transverse averaged variable �T at
cell boundaries.
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N ni; gið Þ ¼
Yn
i6¼jj¼1

Yn
i6¼kk¼1

n� nj
� �

: n� njþ1
� �

ni � nj
� �

: ni � njþ1
� � : g� gkð Þ: g� gkþ1ð Þ

gi � gkð Þ: gi � gkþ1ð Þ (2)

here ðni; giÞ 2 f (local space) and n is number of nodes in a element. Using the above interpol-
ation function, shape function (Ni) can be derived for each node. The iso-parametric transform-
ation between the global and local domain for an element is shown in Eq. (3):

x ¼
Xn
i¼1

Ni:xi ¼ N1x1 þ N2x2 þ � � � þ Nnxn

y ¼
Xn
i¼1

Ni:yi ¼ N1y1 þ N2y2 þ � � � þ Nnyn

(3)

here ðxi; yiÞ 2 f̂ are the coordinates of ith node. Final set of transformed equations in terms of
coefficients is given as in Eq. (4).

x ¼ C1nþ C2gþ C3n
2 þ C4g2 þ C5ngþ C6n

2gþ C7ng2 þ C8n
2g2

y ¼ D1nþ D2gþ D3n
2 þ D4g2 þ D5ngþ D6n

2gþ D7ng2 þ D8n
2g2

(4)

where Ci and Di are coefficients in terms of xi and yi. The detailed expression of these coefficients
can be found in standard text of FEM. For a continuous function f̂ ðx; yÞ 2 C0ðf̂Þ in global space
9 a continuous function f ðn; gÞ 2 C0ðfÞ in local space as follows:

f n; gð Þ ¼ f̂ x n; gð Þ; y n; gð Þ� �
(5)

The corresponding inverse map of this one-one and onto mapping for a continuous function
f̂ ðx; yÞ is shown as:

f̂ x; yð Þ ¼ f n x; yð Þ; g x; yð Þ
� �

(6)

For a second order differentiable function f, the first and second order derivatives of f with
respect to x and y are obtained by the chain rule as:

f̂ x ¼ fn:nx þ fg:gx
f̂ y ¼ fn:ny þ fg:gy

(
(7)

f̂ xx ¼ fn:nxx þ fg:gxx þ nx gnn:nx þ gng:gxð Þ þ gx fgn:nx þ ggg:gx
� �

f̂ yy ¼ fn:nyy þ fg:gyy þ ny gnn:ny þ gng:gy
� �þ gy fgn:ny þ ggg:gy

� �
f̂ xy ¼ fn:nxy þ fg:gxy þ sx gnn:ny þ gng:gy

� �þ gx fgn:ny þ ggg:gy
� �

8>><
>>: (8)

Transformed PDEs from global to local domain are obtained by utilizing Eqs. (7, 8). These
transformed PDEs contains first and second order derivatives like (nx; ny; nxx; nyy etc.) of local
coordinate system ðn; gÞ. The expression for calculating these derivative terms is written as:

J x; yð Þ ¼ nx ny
gx gy

� �
¼ M11 M12

M21 M22

� �� 1

¼ M� 1 (9)

and

nxx nyy
gxx gyy

� �
¼ � 2J x; yð Þ: H11 H12

H21 H22

� �
¼ � 2J:H (10)

The detailed derivation of the Eqs. (9 and 10) are given in appendix-A. M and H are matrices for
first order (Eq. (9)) and second order (Eq. (10)) derivatives respectively. The expression of the
elements of both the matrices (M and H) are also given in appendix-A (Eqs. A.7 and A.8). It
should be noted that the elements of Jacobian matrix J are non-linear function of local space
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(n; g) for quadratic cells. However, these elements are linear function of local space for linear
quadrilateral cells [17]. Details of the algebraic transformation of a four noded linear element
into a square element is given by Nezami et al. [17]. The transformation described in this section
allows NIM to map non-linear quadrilateral elements at curved boundary with square computa-
tional domains. This results in better approximation of underlying physics at the boundary sur-
face in comparison to the application of linear quadrilateral elements as used by Nezami
et al. [17].

2.2. Discretization of domain

In present scheme physical domain is discretized with linear as well as quadratic quadrilateral ele-
ments. The quadratic elements are chosen for analogous mapping of curved surfaces while linear
elements are used for inner domain as shown in Figure 2(a). It should be noted that quadratic
elements with nine nodes of Lagrange family are used for boundaries and four noded linear ele-
ments are used for interior of the domain. The application of linear elements in discretization of
whole geometry does not fit efficiently at the curved boundaries. In previously reported work [8,
17, 19] the curved surfaces are linearly approximated and enforcement of boundary conditions
also done on the linearized surface. Since linearization of curved surface at the boundary does
not reflect the true nature of the geometry. Thus the curved boundaries are discretized using
quadratic quadrilateral elements which preserve the nature of the geometry in much accur-
ate way.

C1 type continuity condition, for dependent variables, is enforced at the interfaces of linear-lin-
ear and quadratic-linear elements. Application of the C1 type continuity at the interface of local
cells with reference to NIM methodology is described in the following section. The complete dis-
cretization of problem domain using quadratic quadrilateral elements is unnecessary since the
governing transport equations in fluid flow and heat transfer based on Eulerian frame of refer-
ence. In summary, both linear as well as quadratic elements have been used for more accurate
discretization.

Figure 2. (a) Discretization of arbitrary domain using linear and quadratic elements (b) Mapping of adjacent quadratic and linear
elements with corresponding square unit elements.
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3. Convection-diffusion equation

The convection diffusion equation is chosen here as a model equation for detailed description of
discretization procedure. The generalize form of two dimensional steady state advection diffusion
equation in Cartesian coordinate system is:

u
@T̂
@x

þ v
@T̂
@y

� a
@2T̂
@x2

þ @2T̂
@x2

� �
¼ f̂ x; yð Þ (11)

where f̂ ðx; yÞ is the source function, a is thermal diffusivity and u, v are velocities in x and y dir-
ection respectively. T̂ 2 f̂ is temperature distribution in global co-ordinate system. The trans-
formed equation of Eq. (11) in local coordinate system using Eqs. (7, 8) is given as:

nxuþ nyv
� �� a nxx þ nyy

� �� 	 @T
@n

þ gxuþ gyvð Þ� a gxx þ gyyð Þ� 	 @T
@g

� a n2xx þ n2yy

 � @2T

@n2
þ a g2xx þ g2yy

 � @2T

@g2

( )
� 2a nxgx þ nygy

� � @2T
@n@g

¼ f n; gð Þ
(12)

Above-mentioned transformed equation (Eq. 12) is further simplified as follows using the
redefinition of terms.

uc
@T
@n

þ vc
@T
@g

� an
@2T

@n2
þ ag

@2T
@g2

 !
� 2a nxgx þ nygy

� � @2T
@n@g

¼ f n; gð Þ (13)

where

uc ¼ nxuþ nyv
� �� a nxx þ nyy

� �� 	
vc ¼ gxuþ gyvð Þ� a gxx þ gyyð Þ� 	
an ¼ a n2xx þ n2yy


 �
ag ¼ a g2xx þ g2yy


 �

8>>>>><
>>>>>:

In the above transformed equation (Eq. 13), redefined terms like (uc; an etc) depend upon the vel-
ocity field, thermo physical properties as well as derivative of local coordinates (nx; nxx etc). These
derivative terms depend on the type of transformation used for specific element. For quadratic
elements, transformation Jacobians are non-linear and for linear elements Jacobians are linear in
nature. Thus the redefined terms also depends upon the type of transformation utilized (quadratic
or linear elements) for a particular discrete element.

3.1. Transverse integration procedure

The unique procedure of NIM, TIP is applied over transformed Eq. (13). In the Figure 1(b), TIP
is applied on the computational domain (n; g) using the transverse averaging operators
ð1=2Þ Ð 1� 1 dg and ð1=2Þ Ð 1� 1 dn. These averaging operators generate two transverse averaged ordin-
ary differential equations in n and g directions respectively.

�uc
d�Tg

dn
� �an

d2�Tg

dn2
¼ �Sg1 (14)

�vc
d�Tn

dg
� �ag

d2�Tn

dg2
¼ �Sn2 (15)

�Sg1;0 and �Sn2;0 are pseudo source terms. These terms contains non homogeneous terms of trans-
verse averaged equations. Both of the pseudo source terms are approximated by expanding them
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in Legendre polynomial and truncated them in lower orders. These kind of approximations are
routinely used in NIM [2, 6]. For zeroth order truncation both pseudo source terms become con-
stant which result into the second order approximation of scheme for regular Cartesian domains
[2, 3, 20]. But this order may not be guaranteed in discretization of domain using non-orthogonal
quadrilateral elements. In present scheme the pseudo source terms are truncated to zeroth order.
Each homogeneous term of Eqs. (14 and 15) is obtained by the approximation, which says that
average of products is approximated to the product of averages as shown in Eq. (16).

1
2

ð1
� 1

uc
@T
@n

dn� 1
2

ð1
� 1

ucdn:
1
2

ð1
� 1

@T
@n

dn (16)

The evaluation of terms �uc; �an in Eq. (14) are approximated as below:

uc ¼ 1
2

ð1
� 1

ucdn� 1
4

ð1
� 1

ð1
� 1

ucdndg ¼ 1
4

ð1
� 1

ð1
� 1

nxuþ nyv
� �� a nxx þ nyy

� �� 	
dndg (17)

�an ¼ 1
2
a
ð1
� 1

n2xx þ g2xx
� �

dn� 1
4
a
ð1
� 1

ð1
� 1

n2xx þ g2xx
� �

dndg (18)

The right hand sides of Eqs. (17 and 18) were evaluated for linear elements by treating each
cell averaged terms separately as given in Eq. (19) by Nezami et al. [17] and Kumar et al. [8].

nxuþ nyv
� �

�a nxx þ nyy
� � ¼ nx :uþ ny :v� anxx � anyy

a n2xx þ n2yy

 �

¼ an2xx þ an2yy
(19)

For linear elements the Jacobians are linear in nature and thus individual averaging of terms
doesn’t affect the cell averaging procedure. While the transformation Jacobians are higher order
in case of quadratic elements as described in previous section. These higher order Jacobians
contain more feature of curved geometries. Thus for quadratic elements, these approximations
are obtained by cell averaging the whole term instead of individual in the following manner
(Eq. 20).

nxuþ nyv
� �

�a nxx þ nyy
� � ¼ nx:uþ ny:v� a nxx �nyy


 �
a n2xx þ n2yy

 �

¼ a n2xx þ n2yy

 � (20)

This modification improves the accuracy of overall scheme for quadratic quadrilateral ele-
ments. The pseudo source terms of the transverse average ODEs generated after TIP procedure
are also cell averaged in the following way.Ð 1

� 1
�Sg1 nð Þdn� �Sgn1Ð 1

� 1
�Sn2 gð Þdg� �Sng2

(21)

The cell averaged equations (Eqs. 14 and 15), obtained after TIP procedure, are coupled to
each other, but the truncation of each pseudo-source terms decouples these equations [21]. The
cell analytical solutions, generated from the ODEs (Eqs. 14 and 15), contain geometric transform-
ation as well as nature of underlying physics (Advection and Diffusion). The cell analytical solu-
tion for Eq. (14) is given as:

If �uc ¼ 0

�Tg
nð Þ ¼

�Sgn1 i;jð Þ
2�an i;jð Þ

n2 þ K1n�K2 (22)
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If �uc 6¼ 0

�Tg
nð Þ ¼ K3: exp

Peu i;jð Þ
2

n

� 

þ
�Sgn1 i;jð Þ
�uc i;jð Þ

nþ K4 (23)

where Peuði;jÞ is cell Peclet number, which is defined as Peuði;jÞ ¼ 2�ucði;jÞ=�anði;jÞ and Ki are integral
constants. These integral constants are calculated by applying boundary values of �TgðnÞ for each
cell as shown in Figure 1(b). It should be noted that the cell Peclet number contains the convec-
tion and diffusion terms for a cell. Thus the cell analytical solution has the adaptive ability to
adjust the convection and diffusion physics for each cell depending upon the strength of the con-
vection and diffusion terms. Since �TgðnÞ is the transverse averaged temperature rather than point
values thus the discrete numerical solution obtained by NIM methodology are in terms of discrete
surface averaged values. Hence the temperature of each cell surface is unique. In Eq. (23) expo-
nential term drives the transport phenomenon of advection-diffusion equation over each cell and
leads to inherent upwinding. These transcendental cell analytical solutions are the interpolation
functions of the field variables in discrete space. Since they are generated from the governing par-
tial differential equations of the physics, they inherit the nature of that physics. Thus, the said
interpolations (cell analytical solutions) of dependent variable leads to much accurate NIM
scheme with coarser grids in comparison to other contemporary numerical methods. It also
allows to calculate the values of dependent variables at any point inside a cell using cell analytical
solutions. Similarly the cell analytical solution for g direction �TnðgÞ can be obtained for ði; jÞth
cell on solving the Eq. (15).

3.2. Continuity and constrain conditions

As discussed in the previous section the cell analytical solutions are valid over individual cells
hence the coupling of these solutions between the two neighboring cells are enforced by applica-
tion of continuity conditions at the interface of cells. The enforced continuity conditions between
the cells are C1 type (Eq. (24)). The first condition of continuity is straight while the second con-
dition (continuity of the derivatives of field variable at the interface of neighboring cells) is
applied using Eqs. (7 and 25). Eq. 25 represents the resolution of normal gradients of the field
variable at the interfaces into two perpendicular components where mx and my are the direction
cosines in x and y direction respectively. For non-orthogonal grids, the orientation of the inter-
face will also involved in enforcement of continuity conditions. Figure 2(b) represents the applica-
tion of continuity conditions between quadratic and linear cells. Here k̂ represents the normal
unit vector at interface and î; ĵ are the unit vectors in x and y direction respectively. However
these type of continuity conditions are also valid between the adjacent linear elements. Details of
the application of continuity conditions between two linear elements are given in Kumar et al.
[8].

T̂
g
i;j


 �
14
¼ T̂

g
iþ1;j


 �
23
¼ T̂ i;j

dT̂ i;j

dk

����
14

¼ dT̂ i;j

dk

����
23

8>><
>>: (24)

dT̂ i;j

dk
¼ dT̂ i;j

dx
mx þ

dT̂ i;j

dy
my (25)

Application of the above-mentioned continuity conditions between the two neighboring cells
(Figure 2(b)) leads to a three point scheme as given in Eqs. (26 and 27) for n and g direction
respectively.
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A1:�T
g
i� 1;jð Þ � A1 þ A2ð Þ:�Tg

i;jð Þ þ A2:�T
g
iþ1;jð Þ ¼ A3:�S

gn
1 i;jð Þ þ A4:�S

gn
1 iþ1;jð Þ

� Tp i;jþ1ð Þ �Tp i;jð Þ
2

� �
mxgx þmygyð Þiþ1;j

� mxgx þmygyð Þi;j
n o (26)

B1:�T
n
i;j� 1ð Þ � B1 þ B2ð Þ:�Tn

i;jð Þ þ B2:�T
n
i;jþ1ð Þ ¼ B3:�S

ng
2 i;jð Þ þ B4:�S

ng
2 i;jþ1ð Þ

� Tp iþ1;jð Þ �Tp i;jð Þ
2

� �
mxnx þmyny
� �

i;jþ1
� mxnx þmyny
� �

i;j

n o (27)

where Ai and Bi are coefficients of three point schemes and the expanded form of these terms are
given in appendix-B (Eq. B.1). Tp is the point value of temperature at the corner of each cell. In
NIM methodology the discrete values are the transverse averaged quantity available at the cell
surfaces. So the point values are calculated by utilizing all the surface values in neighborhood of
that corresponding point. Details of these approximations can be obtained from [8]. These three
point schemes contain pseudo source terms �S1 and �S2. Thus two more equations are required for
closure. These extra equations are generated by application of physically relevant constraint con-
ditions [7, 8]. In the first constraint condition local cell averaging operator 1

4

Ð 1
� 1

Ð 1
� 1 dndg is

applied over the transformed PDE (Eq. 13). This results a relation between pseudo source terms
and actual source term as shown in Eq. (28).

�Sgn1 i;jð Þ þ �Sng2 i;jð Þ ¼ �f
gn � 1

4

ðþ1

� 1

ðþ1

� 1
2a nxgx þ nygy
� �

Tngdndg (28)

Again the right hand side terms of Eq. (28) are approximated in a similar way as described in
Eq. (20). The second constraint condition is uniqueness of cell averaged values of dependent vari-
ables. Thus the cell averaged value is independent of the order of directional averaging i.e
�Tng
i;j ¼ �Tgn

i;j . Final set of discrete equations are generated with the application of these two con-
straint conditions. The form of the set of final discrete equations is similar to the equations
derived by Kumar et al. [8] for linear quadrilateral elements. Thus expanded form of final discrete
equations is not given here for sake of brevity.

4. Diffusion and Navier–Stokes equations

The general form of two dimensional Poisson equation or 2D steady state diffusion equation in
Cartesian coordinate system, is given by:

r2T̂ ¼ f̂ x; yð Þ (29)

and the corresponding transformed equation in (n; g) local coordinate system is:

nxx þ nyy
� �

Tn þ gxx þ gyyð ÞTg þ n2xx þ n2yy

 �

Tnn þ g2xx þ g2yy

 �

Tgg

þ2 nxgx þ nygy
� �

Tng ¼ f n; gð Þ z (30)

Since the transformed diffusion equation is similar to the transformed advection-diffusion
equation except the velocity terms appearing in Eq. (12). Thus further procedure for discret-
ization of transformed diffusion equation (Eq. (30) by NIM is similar to the scheme developed
for advection-diffusion equation. The detailed development of the scheme for diffusion equations
is not shown here for the sake of brevity.

Again scheme for Navier–Stokes equations is developed with reference to the scheme devel-
oped for the convection diffusion equation as discussed in previous section. Since N–S equations
are non-linear in nature due to the convective terms, these terms are approximated to generate
cell analytical solution. Hence the approximations, introduced by taking the cell averaged veloc-
ities in the convection terms of N–S equations, are defined as:
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�ucell i;jð Þ ¼
�ug
i;j þ �ug

iþ1;j þ �un
i;j þ �un

i;jþ1

4
and �vcell i;jð Þ ¼

�vgi;j þ �vgiþ1;j þ �vni;j þ �vni;jþ1

4
(31)

With reference to the Figure 1(b), the cell average velocities for ði; jÞth cell are evaluated by
taking the mean of cell surface velocities (Eq. (31)). This approximation is verified and tested in
the previously developed schemes for N–S equations by Wang and Rizwan [7] and Kumar et al.
[9, 19]. This leads to linear form of convective terms (Eq. 32) in N–S equations similar to the
convection diffusion equation valid over the discretized domain (local cell).

V:rV �Vcell:rV (32)

Thus the cell analytical solutions for N–S equations are generated for discretized local domain
in the same way as convection diffusion equation. The three point scheme for N–S equation will
also be similar to the Eqs. (26 and 27). The only difference is the source term which is pressure
gradient as well as body force terms. Along with the momentum equations, pressure Poisson
equation ðr2P ¼ r:VÞ is solved to obtained the divergence free velocity field. Here the pressure
Poisson equation is similar to the pressure equation used in SIMPLE algorithm. The pressure and
velocity coupling is obtained by utilizing the pressure correction based algorithm proposed by
Kumar et al. [9] with reference to the NIM methodology.

5. Boundary conditions enforcement for quadratic elements

In the present scheme the implementation of boundary conditions over a curved surface is done
by piecewise linear approximation of the quadratic surface on curved boundary. Dirichlet and
Neumann type boundary conditions for linear quadrilateral elements using NIM methodology
has been developed by Kumar et al. [8]. Implementation of Dirichlet boundary condition is
straightforward. However the implementation of Neumann boundary condition is not trivial on
the curved boundary. Thus piecewise linearization is done for quadratic elements on the curved
surface as shown in the Figure 3. The Neumann boundary condition is applied on each linear
segment of quadratic element. Same cell analytical solution for a quadratic cell is utilized to
enforce the Neumann boundary condition over two different linearized surfaces of quadratic
element.

@/̂
@k

¼ @/̂
@x

mx þ @/̂
@y

my (33)

Figure 3. Piecewise linearization of a curved surface of quadratic element.
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General form of Neumann boundary condition at a surface for a field variable / can be writ-
ten as in Eq. (33), where mx and my are direction cosines in x and y direction respectively and k̂
is normal unit vector as used in continuity condition. Now on a quadratic edge (2–3) in Figure 3,
gradients are calculated over two piecewise linearized surfaces (2–6) and (6–3) as follows:

@/̂
@k

����
2� 6

¼ @/̂
@x

mx

� �
2� 6

þ @/̂
@y

my

 !
2� 6

(34)

@/̂
@k

����
6� 3

¼ @/̂
@x

mx

� �
6� 3

þ @/̂
@y

my

 !
6� 3

(35)

The Eqs. (34 and 35) are transformed into the computational domain (n; g). For both the sur-
faces, the corresponding transformed equations are given as Eqs. (36 and 37):

@/̂
@k

�����
2� 6

¼ @�/
g

@n
nx þ

@�/
g

@g
gx

 !
mx

�����
2� 6

þ @�/
g

@n
ny þ

@�/
g

@g
gy

 !
my

�����
2� 6

(36)

@/̂
@k

�����
6� 3

¼ @�/
g

@n
nx þ

@�/
g

@g
gx

 !
mx

�����
6� 3

þ @�/
g

@n
ny þ

@�/
g

@g
gy

 !
my

�����
6� 3

(37)

In the above equations gradients of dependent variable in n direction are obtained from the
cell analytical solution �/

gðnÞ. However the gradients in g direction are calculated by utilizing the
discrete value of the field variable calculated at each node of the cell. Since in NIM methodology
the values are available at cell surfaces in terms of transverse averaged values as shown in Figure
3. The point values at the node points of quadrilateral element are calculated by taking mean of
the nearest cell surfaces values available to a corresponding point. The details of the evaluation of
discrete point values is given by Kumar et al. [8]. Thus in Eqs. (36 and 37) the gradients of
dependent variable in g direction are evaluated as given in Eqs. (38 and 39).

@�/
@g

����
2� 6

¼ /2 �/6

Dg=2
(38)

@�/
@g

����
6� 3

¼ /6 �/3

Dg=2
(39)

where Dg ¼ 2 is the size of local cell in g direction. The expression of Neumann boundary condi-
tion at each linearized surface (2–6 and 6–3 in Figure 3) contains point value of dependent vari-
able /6 which is further approximated in terms of connected surface values of field variable
ð�/gÞ2� 6 and ð�/gÞ6� 3 as:

/6 ¼
�/
g
2� 6 þ �/

g
6� 3

2
(40)

This leads to the close form implementation of the Neumann boundary condition on the
curved surface utilizing quadratic quadrilateral elements. Similarly we can enforce mixed type
boundary conditions on quadratic surfaces by careful application of above approximations.

6. Numerical results and discussion

The schemes based on NIM using non-linear and linear quadrilateral elements have been tested
for both linear and non-linear governing differential equations. The diffusion and convection-dif-
fusion equations are solved in 2D cylindrical wedge domain and the results are compared with
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the analytical solutions. Both Neumann and Dirichlet type of boundary conditions are applied
and tested in these cases.

In all the cases, quadratic quadrilateral elements are applied to map the curvature boundary
of the physical domain and internal nodal cells are linear quadrilateral elements as shown in
Figure 4(a). The above mentioned scheme is also compared with the scheme based on complete
linear discretization of whole domain as shown in Figure 4(b). Thus here onwards we will refer
discretization using quadratic-linear quadrilateral elements as scheme-1 (Figure 4(a)) and discret-
ization of whole domain using linear quadrilateral elements as scheme-2 (Figure 4(b)). The com-
parative studies have been done between the results obtained from both type of discretization
procedure. Numerical scheme, based on the discretization procedure of scheme-1, is further
applied to solve the Navier–Stokes equations in 2D cylindrical wedge domain. Polar lid driven
cavity is chosen as a test problem for validation of the numerical results with previously reported
numerical and experimental results by Fuchs and Tillmark [18]. This test problem is routinely
used to verify the applicability of numerical scheme for the solution of Navier–Stokes equations
in curved domains [22–24].

6.1. Test case-1

In this test case Laplace equation r2T ¼ 0 is numerically solved over a 2D cylindrical wedge
domain with wedge boundaries 1 � r � 2; 0 � h � p=2 as shown in the Figure 4. The boundary
conditions are Dirichlet type at surface AB, CD and AD (Tðr;p=2Þ ¼ Tðr;0Þ ¼ 1 and Tð2;hÞ ¼
cosð4hÞ respectively) and one Neumann condition dT=drjð1;hÞ ¼ 0 on BC side of the wedge. The
applicability of this numerical scheme for Neumann as well as Dirichlet boundary condition is
tested in this test problem. Numerical results are compared with analytical solution. The scheme
based on NIMs has ability to produce reasonably accurate results on very coarse grid structure
[5, 6, 9, 10, 19]. Thus comparative coarse grid structure are chosen to show its effectiveness of
developed scheme.

For qualitative comparison, results are compared at central lines EF and GH as shown in
Figure 4. Computation is done with different grid sizes. Figure 5(a) and 5(b) show the variation
of temperature along the centerlines EF and GH respectively. The discrete temperatures along EF
and GH generated by scheme-1 (quadratic-linear quadrilateral elements) and scheme-2 (linear
quadrilateral elements) using the mesh sizes ð4� 4Þ; ð6� 6Þ, and (8� 8) are shown in these plots.
Both the schemes are compared with reference to analytical solutions.

It should be noted that both the schemes are close to the analytical solution. This is due to the
effectiveness of coarse grid NIM schemes. Still the zoomed comparison (Figure 5(a) and 5(b)) for

Figure 4. Different discretization scheme used in NIM (a) Scheme-1 (b) Scheme-2.

12 R. PRAKASH SHARMA AND N. KUMAR



all the grid sizes at particular location shows that the results obtained from the scheme-1 on simi-
lar mesh sizes are closer to analytical solution in comparison to scheme-2. Thus more realistic
mapping of curvature boundaries utilizing the quadratic quadrilateral elements (scheme-1),
enhances the accuracy of NIM in comparison to scheme-2.

This test case is also utilized to test the implementation of Neumann boundary condition at
curved boundaries. The applicability of Neumann boundary condition on curved surface using
scheme-1 can be visualized at boundary r¼ 1 in Figure 5(b). It is observed that for all the grid
sizes ð4� 4Þ; ð6� 6Þ, and ð8� 8Þ, scheme-1 can tackle Neumann boundary condition in more
accurate way in comparison to scheme-2. Thus piecewise linearization of the curved surface using
quadratic elements for Neumann boundary conditions plays an effective role in improvement of
NIM methodology. Quantitative comparison is also done to observe the behavior of numerical
scheme toward quadratic elements.

Table 1 contains L2 norm errors (Rms error) for the whole domain as well as for the bound-
ary surface where the Neumann boundary condition is applied (surface BC, Figure 4). The defin-
ition of the L2 norm error is given by Eq. (41).

Figure 5. (a) Variation of temperature at r¼ 1.5 and 0 � h � p=2 (b) at h ¼ p=4 and 1 � r � 2 (c) Comparison of contours of
temperature of scheme-1 (16� 16 grids) with analytical solution.
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error ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn
1

Texact �Tnumericalð Þ2
n

s
(41)

where n is the number of grid points. Different grid sizes (4� 4), (8� 8), (16� 16), and
(32� 32) are used to calculate L2 norm errors for both the schemes.

From the Table 1, it is noted that as the grid resolution is reduced by half the reduction factor
for L2 norm error, is nearly 2.6-3.9 for both the schemes which leads to nearly second order
scheme. This behavior is also visible in Figure 6(a). It should also noted that order of the
scheme-1 is slightly improved than scheme-2. However for Neumann boundary (Figure 6(b) and
Table 1) the order as well as accuracy of scheme-1 is much better than scheme2. For coarsest
grid size (4� 4), scheme-1 is nearly 28% more accurate than scheme-2. However at the Neumann
boundary, scheme-1 is nearly 44% more accurate than scheme-2. It is also observed from Table 1
that scheme-1 maintains it’s accuracy over scheme-2 for all the grid sizes. Thus utilization of
quadratic elements for curvature boundaries pays its dividend by increasing the accuracy of the
scheme-1 especially at the curved surface without changing the order of the scheme. Figure 5(c),
shows the comparison of temperature contours generated by scheme-1 using grid size ð16� 16Þ
with analytical solution.

6.2. Test case-2

The nodal scheme developed for Convection-diffusion equation is utilized to solve this physics in
arbitrary shaped domains. Again the physical domain is cylindrical wedge domain similar to the
previous test case as shown in Figure 7. Variation of velocity field is hyperbolic ðu ¼ uo=rÞ in
radial direction and constant in angular direction, where uo is the mean velocity. Boundary con-
dition for temperature at BC and AD surfaces is zero ðTð1;hÞ ¼ Tð2;hÞ ¼ 0Þ, inlet temperature at

Figure 6. Variation of L2 norm error for diffusion equation for (a) whole domain (b) boundary cells.

Table 1. L2 norm error for test case-1 for all grids and for boundary cells.

Mesh
Total L2 norm error Neumann boundary L2 norm error

Scheme-1 Scheme-2 Scheme-1 Scheme-2

4� 4 1:3443� 10� 2 1:8816� 10� 2 1:0528� 10� 2 1:8901� 10� 2

8� 8 4:8256� 10� 3 7:2010� 10� 3 2:9999� 10� 3 6:0068� 10� 3

16� 16 1:3030� 10� 3 2:0331� 10� 3 7:4564� 10� 4 1:6661� 10� 3

32� 32 3:3012� 10� 4 5:3317� 10� 4 1:8353� 10� 4 4:3943� 10� 4
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AB surface is Tðr;p=2Þ ¼ sin fp lnðrÞ= lnð2Þg and at CD surface temperature gradient is zero i.e
dT=dhjðr;0Þ ¼ 0 as shown in Figure 7.

Both the schemes (scheme-1 and scheme-2) are applied to solve this test problem and the
results are compared with analytical solution given in Eq. (42). [25].

T r; hð Þ ¼ sin
p ln r
ln 2

s1 exp s1 p
2 þ s2h

� �� s2 exp s2 p
2 þ s1h

� �
s1es1

p
2 � s2es2

p
2

( )
(42)

where

s1;2 ¼
u06

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u20 þ 2pa

ln2

q
2a

The effect of relative strength between the advection and diffusion physics on the scheme is tested
in this test case by the application of different Peclet numbers. Thus the Peclet number of Pe
¼700 (high advection) and 7 (low advection) are chosen to verify the numerical results with ana-
lytical solutions. Here, Peclet number is defined for this test domain as Pe ¼ ð2uoðr2 � r1Þ=aÞ,
where uo¼ 1 and a is thermal diffusivity of fluid. The qualitative comparison is done by compar-
ing the temperature variation at surface GH, h ¼ p=4 and 1 � r � 2. Again the grid sizes utilized
are ð4� 4Þ; ð6� 6Þ and ð8� 8Þ. The variation of temperature, along this surface GH using differ-
ent grid sizes, is shown in Figure 8(a) and 8(b) for both the Peclet numbers 7 and 700
respectively.

In Figure 8, results obtained by both the schemes on same grid sizes are compared with ana-
lytical solutions. It should be noted that for both the Peclet numbers, the results obtained by
scheme-1 is closer to the exact solutions.

The detailed quantitative comparative study between the scheme-1 and scheme-2 is done for
this test case by comparing L2 norm errors. Again the same grid sizes ð4� 4Þ; ð8� 8Þ; ð16� 16Þ,
and ð32� 32Þ are used for the comparison. L2 norm error for Pe ¼7 and 700 by scheme-1 and
scheme-2 at different grid sizes are in shown in Table 2. For low Peclet number (Pe ¼7), as the
size of grid reduced by half, the reduction factor for both the schemes is nearly 3.9.

However, for high Peclet number (Pe ¼700), as the grid gets doubled the reduction factor for
both the schemes is approximately 3.1–4.2. This leads to a nearly second order numerical scheme
for both the Peclet numbers which is also visible in Figure 9. Numerical experiments are also
conducted to evaluate the order of accuracy of both the schemes for the physics ranging from

Figure 7. Schematic diagram of advection-diffusion problem in 2D cylindrical wedge.
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diffusion dominant to convection dominant. Thus the order of accuracy is calculated for 0.1 to
700 Peclet numbers as shown in Table 3. From Table 3, it is observed that both the schemes are
nearly second order accurate for variety of Peclet numbers. Thus it is concluded that scheme-1
improves the accuracy of NIM for both diffusion as well as convection-diffusion equation over
scheme-2 while maintaining the order (second order) of NIM scheme. Figure 8(c) and 8(d)
depicts the comparison of isotherms for Pe ¼7 and Pe ¼700 respectively generated by scheme-1
using ð16� 16Þ grid size with analytical solutions.

Figure 8. (a) Variation of temperature along GH at h ¼ p=4 and 1 � r � 2 at Pe ¼7 (b) Pe ¼700 (c) Comparison of isotherms
by scheme-1 (16� 16 grids) with analytical solution at Pe ¼7 (d) Pe ¼700.

Table 2. L2 norm error for different Peclet numbers.

Mesh
L2 norm error at Pe ¼7 L2 norm error at Pe ¼700

Scheme-1 Scheme-2 Scheme-1 Scheme-2

4� 4 1:5608� 10� 2 1:6531� 10� 2 2:6671� 10� 2 3:0437� 10� 2

8� 8 3:9918� 10� 3 4:4923� 10� 3 8:6047� 10� 3 9:5942� 10� 3

16� 16 1:0301� 10� 3 1:1876� 10� 3 2:3135� 10� 3 2:5810� 10� 3

32� 32 2:7198� 10� 4 3:1463� 10� 4 5:7201� 10� 4 6:4790� 10� 4
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6.3. Test case-3

Finally Navier–Stokes equations are solved by the numerical scheme utilizing linear and quadratic
elements (scheme-1) in arbitrary shaped domain. Polar lid-driven cavity is chosen as a test case
to verify the applicability of this scheme in complex domain (Figure 10).

The physical domain for this polar lid driven cavity problem is shown in Figure 10. The angu-
lar size of domain is 1 radian and radial size is 1 � r � 2.

In this 2D cylindrical wedge domain the boundary condition at BC surface u1;h ¼ 1. The
boundary conditions on the other surfaces are no slip boundary conditions. Reynold number
(Re) for the flow is defined using velocity of lid BC and radial width of domain.

Figure 9. Variation of L2-norm error for convection-diffusion equation at (a) Pe ¼7 (b) Pe ¼700.

Table 3. Order of scheme with different Peclet numbers (Pe).

Peclet no. (Pe) Order of Scheme-1 Order of Scheme-2

0.1 1.963 1.932
1 1.965 1.937
7 1.911 1.884
700 1.917 1.909

Figure 10. Polar-lid driven cavity with boundary conditions.
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This problem definition of polar lid driven cavity is similar to the physical domain chosen by
Fuchs and Tillmark [18]. For the comparative study, results are obtained for Re ¼60 and 350
using NIM scheme (scheme-1). Pressure correction based algorithm [9] is utilized for pressure
velocity coupling. For both the Reynold numbers (Re ¼60 and 350), three different mesh sizes
(10� 10), ð20� 20Þ and ð30� 30Þ are chosen to generate the numerical results. Angular (Vh)
and radial (Vr) velocities are calculated at each surface of nodal cell using the numerical velocities
(x and y components) available at the corresponding surfaces. These velocities (Vr and Vh) are
compared with the previously reported experimental and numerical results [18]. Results are com-
pared at three different angles � 20

�
; 0

�
and þ20

�
as shown in Figure 10.

Figure 11 is the plot of variation of the velocities in radial and angular directions at angles
� 20

�
; 0

�
and þ20

�
for Re ¼60. Figure 11(a) and 11(b) shows the velocity variations at � 20

�
. In

this figure, results obtained using coarsest grid size ð10� 10Þ by NIM scheme are compared with
the results of Fuchs and Tillmark [18] using ð12� 12Þ grid size. This comparison is done with

Figure 11. Comparison of velocity components at h ¼ � 20
�
; 0

�
and 20

�
, for Re ¼60. (a) Radial component. (b) Angular compo-

nent. (c) Radial component. (d) Angular component. (e) Radial velocity. (f) Angular component.
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reference to the experimental results [18]. It should be noted that the results of NIM based
scheme for coarser grid size are much closer to the experimental results in comparison to the
numerical results of Fuchs and Tillmark [18] for (12� 12) grid sizes using multi-grid FDM.
Figure 11(c) and 11(d) shows the variations of radial and angular velocities at an angle h ¼ 0

�
.

Similarly the corresponding variations at an angle h ¼ þ20
�
are shown in Figure 11(e) and 11(f).

The experimental and numerical results for grid size ð64� 64Þ, reported by Fuchs and Tillmark
[18], are also shown in this figure for comparison. It is observed from the plots that the results
generated by NIM scheme even with quite coarse grid size of ð10� 10Þ are in good agreement
with experimental and numerical results of Fuchs and Tillmark [18]. It is also noted that the
results of different grid sizes using NIM methodology are quite close to each other.

In Figure 12 radial and angular velocities for Re ¼350 obtained by NIM are compared with
experimental as well as numerical ð80� 80Þ results of Fuchs and Tillmark [18]. Again the

Figure 12. Comparison of velocity components at � 20
�
; 0

�
and 20

�
for Re ¼350. (a) Radial component. (b) Angular component.

(c) Radial component. (d) Angular component. (e) Radial component. (f) Angular component.
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comparison of the results are done on surfaces at � 20
�
; 0

�
, and þ20

�
. Different mesh sizes

(10� 10), (20� 20), and (30� 30) are used by the NIM scheme for computation. It is observed
that even the results obtained using quite coarse mesh size (10� 10) is able to capture the flow
physics, reported by Fuchs and Tillmark [18]. The comparison (Figure 12) shows that the velocity
components at angles h ¼ 0

�
and 20

�
, for all the grid sizes, agree fairly well with the fine mesh

data of Fuchs and Tillmark [18] as shown in Figure 12(c,d) and 12(e,f). However, at � 20
�

(Figure 12(a) and 12(b)) near the CD surface due to the formation of secondary small vortex
(Figure 13), highly coarse grid of size ð10� 10Þ is not able to capture the physics properly.

Since the obtained numerical solutions, using NIM are cell averaged values thus there is more
deviation between the fine grid solution [18] and results of NIM for ð10� 10Þ grid size.
However, for grid sizes ð20� 20Þ and ð30� 30Þ, the numerical results by NIM scheme are quite
close to the experimental as well as fine mesh solution of Fuchs and Tillmark [18]. Figure 13 is
the qualitative comparison of stream lines generated by NIM scheme (Figure 13(a)) and multi-
grid finite difference method [18] (Figure 13(b)) for Re ¼ 350. It is noted that the stream lines
generated by NIM for grid size ð30� 30Þ are in good agreement with stream contours of Fuchs
and Tillmark [18] using (80� 80) grid size. Thus for this test case, fairly coarse grid size
(30� 30) results using the NIM scheme utilizing quadratic-linear quadrilateral elements is able to
generate quite accurate results for Navier–Stokes equations in curvature domain.

7. Conclusions

A novel scheme for curved geometries using quadratic and linear quadrilateral elements by NIM
is presented in this article. Both bi-quadratic and bi-linear Lagrange interpolation functions are
used to map the corresponding quadratic and linear elements to square domains. Furthermore a
novel approach is utilized to resolve the Neumann as well as mixed type boundary condition on
the curved surfaces. In this approach the quadratic elements on the curved surface are piecewise
linearized to implement both type of boundary conditions. The continuity conditions (C1 type) at
the interfaces of adjacent linear-linear, quadratic-linear cells and quadratic-quadratic cells are
enforced. Current scheme is tested for both linear (Diffusion and Convection Diffusion) as well
as non-linear equations (Navier–Stokes) in curved domain. For linear equations the numerical
results are quite accurate with reference to analytical solutions even for quite coarse grid size.
Currently developed scheme is able to resolved the Neumann boundary condition efficiently on
the curved boundary. The scheme for convection diffusion equation retains its efficiency for both

Figure 13. Stream lines contours at Re ¼350 by (a) NIM scheme-1 using ð30� 30Þ grid sizes (b) Fuchs and Tillmark [18] using
ð80� 80Þ grid sizes.
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low (Pe ¼7) and high (Pe ¼700) Peclet number. Also the comparative study between the
scheme-1 (quadratic and linear quadrilateral elements) and scheme-2 (linear quadrilateral ele-
ments) reveals that scheme-1 is more accurate in comparison to scheme-2. Utilization of quad-
ratic elements on curved boundary improves the accuracy of NIM scheme. Again the NIM
scheme is tested for non-linear flow equations in polar lid driven cavity. The numerical results,
obtained for Reynold number 60 and 350, are compared with experimental as well as fine mesh
numerical results. The comparison shows that the developed NIM scheme is able to capture the
flow physics with reasonable coarse grid size in curvature domain. Thus the developed numerical
scheme utilizing quadratic and linear quadrilateral elements based on NIM methodology has
retained its essence to solve the flow equations in complex domain with reasonably coarse
grid size.
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Appendix A

In Eq. (4) local coordinates ðn; gÞ are considered as dependent variables. These dependent variables are function of
independent variables x and y as one can solve the above Eq. (4) for x and y. On differentiating the Eq. (4) with
respect to x:

1 ¼ C1nx þ C2gx þ C5 gxnþ gnxð Þ þ 2C3nnx þ 2C4ggx þ C6 2nnxgþ n2gx
� �

þC7 nxg
2 þ 2nggx

� �þ C8 2nnxg2 þ 2n2ggx
� � (A.1)

0 ¼ D1nx þ D2gx þ D5 gxnþ gnxð Þ þ 2D3nnx þ 2D4ggx þ D6 2nnxgþ n2gx
� �

þD7 nxg
2 þ 2nggx

� �þ D8 2nnxg2 þ 2n2ggx
� � (A.2)

Both the equations of Eqs. (A.1 and A.2) contains derivative of local variables n and g in terms of Cartesian
coordinates of global cell which is valid for all quadratic elements. Similarly a set of equations is obtained from
Eq. (4) when differentiating with respect to y.

1 ¼ C1ny þ C2gy þ C5 gynþ gny
� �þ 2C3nny þ 2C4ggy þ C6 2nnygþ n2gy


 �
þC7 nyg

2 þ 2nggy

 �

þ C8 2nnyg2 þ 2n2ggy

 � (A.3)

0 ¼ D1ny þ D2gy þ D5 gynþ gny
� �þ 2D3nny þ 2D4ggy þ D6 2nnygþ n2gy


 �
þD7 nyg

2 þ 2nggy

 �

þ D8 2nnyg2 þ 2n2ggy

 � (A.4)

Using these equations (Eqs. A.1–A.4), derivatives of local coordinates (n; g), nx; ny; gx and gy are evaluated as
follows:

M:
nx ny
gx gy

� �
¼ 1 0

0 1

� �
(A.5)

or
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J x; yð Þ ¼ nx ny
gx gy

� �
¼ M11 M12

M21 M22

� �� 1

¼ M� 1 (A.6)

where the coefficients of M matrix are defined as:

M11 ¼ C1 þ C5gþ 2C3nþ 2C6ngþ C7g2 þ 2C8ng2

M12 ¼ C2 þ C5nþ 2C4 þ C6n
2 þ 2C7ngþ 2C8n

2g
M21 ¼ D1 þ D5gþ 2D3nþ 2D6ngþ D7g2 þ 2D8ng2

M22 ¼ D2 þ D5nþ 2D4 þ D6n
2 þ 2D7ngþ 2D8n

2g

(A.7)

Similarly second order derivatives, nxx; nyy; gxx, and gyy are obtained. Again two sets of equations are obtained
by differentiating Eqs. (A.1, A.2) with respect to x and Eqs. (A.3, A.4) with respect to y. These four equations (a
set for x and another for y) are used to evaluate the second order derivatives for each cell by following the above
mentioned procedure for first order derivatives.

The final form of coefficients of H matrix for second order derivatives nxx; nyy; gxx and gyy in Eq. (10) is:

H11 ¼ C5 þ 2C6nþ 2C7gþ 4C8ngð Þnxgx þ C3 þ C6gþ C8g2
� �

n2x þ C4 þ C7nþ C8n
2

� �
g2x

H12 ¼ C5 þ 2C6nþ 2C7gþ 4C8ngð Þnygy þ C3 þ C6gþ C8g2
� �

n2y þ C4 þ C7nþ C8n
2

� �
g2y

H21 ¼ D5 þ 2D6nþ 2D7gþ 4C8ngð Þnxgx þ D3 þ D6gþ D8g2
� �

n2x þ D4 þ D7nþ D8n
2

� �
g2x

H22 ¼ D5 þ 2D6nþ 2D7gþ 4D8ngð Þnygy þ D3 þ D6gþ D8g2
� �

n2y þ D4 þ D7nþ D8n
2

� �
g2y

(A.8)

Appendix B

Coefficients of Eq. (26) are:

A1 ¼
Sm3 i;jð Þ

2

Peu i;jð Þ:ePeu i;jð Þ

2: 1 � ePeu i;jð Þð Þ

( )

A2 ¼
Sm1 iþ1;jð Þ

2

Peu iþ1;jð Þ:ePeu iþ1;jð Þ

2: ePeu iþ1;jð Þ � 1ð Þ

( )

A3 ¼
2:Sm3 i;jð Þ
an i;jð Þ

1
Peu i;jð Þ

� ePeu i;jð Þ

1 � e�Peu i;jð Þ

( )

A4 ¼
2:Sm1 iþ1;jð Þ
an iþ1;jð Þ

ePeu iþ1;jð Þ

1 � e� Peu iþ1;jð Þ
� 1

Peu iþ1;jð Þ

( )
(B.1)

Similarly coefficients of three point scheme Bi in g direction are obtained.
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